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Problems for lecture 1: Introduction and lightcone gauge

The following list of problems is intended to make the course attendants familiar
with some basic notions of classical string propagation.

Problem 1.1. Consider the propagation of a bosonic string in D dimensions.

a. Prove that the Polyakov action

S =−T

2

∫
d 2σ

p
γγαβ∂αXµ∂βXνηµν

describing such propagation in Minkowski spacetime is classically equivalent
to the Nambu-Goto action

SNG =−T
∫

d 2σ
√

−det
(
∂αXµ∂βXνηµν

)
.

b. Prove that the Polyakov action is invariant under the transformations:

δXµ = (
L ξX

)µ+aµ+ωµνηνρXρ ,

δγαβ =∆(σ)γαβ+ (
Lξγ

)αβ ,

where Lξ stands for the Lie derivative along an arbitrary worldsheet vector
field ξ, and ωµν =−ωµν.

c. Prove that the Polyakov action

S =−T

2

∫
d 2σ

p
γγαβ∂αXµ∂βXν gµν(X)

in an arbitrary spacetime with metric gµν(X) is invariant under the isometries
of the metric gµν(X); i.e., under the transformations

δXµ = kµ(X) where Lk g = 0.

Problem 1.2. Consider the gauge-fixed worldsheet action :

S =−T

2

∫
d 2σ

(
∂αXµ∂αXµ− iψµ

ρα∂αψµ

)
,

where ψµ are a set of two-dimensional Majorana fermions transforming in the vec-
tor representation of SO(1, D−1) satisfying ψµ

χµ = ρ0
ABψ

µ
A χBµ = χµψµ and where

ρ0 =
0 −i

i 0

 , ρ1 =
0 i

i 0


is a set of two-dimensional imaginary Dirac matrices.
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a. Derive the Euler–Lagrange equations of motion for the fields Xµ(σ) andψµ(σ)
and discuss the allowed boundary conditions for closed and open strings un-
der which the latter hold.

b. Prove that S is invariant under the (worldsheet) supersymmetry transforma-
tions:

δεX
µ = εψµ , δεψ

µ =−i ρα∂αXµ ε ,

and use Noether’s Theorem to construct its associated conserved current Jα.

c. Construct the Noether currents associated with the Poincaré symmetries

δXµ =ωµνXν+aµ , δψµ =ωµνψν ,

and the energy-momentum tensor Tαβ from the invariance of the action under
constant worldsheet translations δσα = ξα.

d. Rewrite all previous currents in worldsheet lightlike coordinates σ± = τ±σ.
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