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"I 1478 Y. Ne'eman and T. Regae proposed a mew approach to the formulation of
supergravihy, based on the formalizm of £. Cartan. fis the adopted formalism relics on

the use of differential forms, it is invariant under the group of general coordinate
transformations (GETE), and, at the same Hme, it gives a prominent role to the aauae

imvariance under the Lorents groupl]- <0 @z)"

Cartan comection on bandle T of oriewted orthonormal frames of Lorewtzian 4-mnfd |~ ;":
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FACT1: The curvature T = 9+ ELL,U. L is horizontal and equivariant, ic. T f—fleF‘; )

Pf. Take fundamental vector ficld A associated to A chy, then
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2 of Lofon combeli s
(xF) 7Y = Sp (A + T i), poTd = < adp (W) +[Ap0D = ©)
proving that T is herizontal. Equivariancy only uses property 1 and is left as cxercise, B
Remember that T = TL +7] wole bl B0 s, where Ea 4**-"+§ Lol and =gV wAV-
A =
Lol o Tl Tt

FACT 2: The Bianchi Tdewtitics o 1= A Y ;) J7 120 held.

A
TE. Lot us define o = A + + A ﬂﬂd+aksfnr5rdwruﬁfnrmw1hard.FF= = . Then

Lanal=on

o= off+ N AT = dR+dT+ yh?..+wa"l'+‘-.’h?..+\"ﬁ?f Foincond. claglom,
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and the twe terms vanish separatehy. Te prn\rﬁf:l!#]: O, we procecd as follows:
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Mote that we dida't use properties 1 and 7 of Cartan conmections ampwhere..... B




Eemember that N satisfies propertics | and 2, so we mary fumg awy local triviahzimg
section of 7. and safehy interpret oo and Y/ as (locally defincd, vector valued)
{-forms o N W = 1\{; dxc” amd oo o, S T thimk DAaria calls this
the factorization npothesis: " which breaks from the very begiming the symmetry of
the groap, since i factorizes m a trivial way the dependence of the gange fields oo ™
from the coordimates _'-él'w of the Loreute group.” He thew moves on to say: "if we do
wot assume factorization, the dependence on the coordinates &’"’ must be dictated by
the ficld cquations... T1 15 then natural o 4ry to construct gravity directly en the soft
aroup manifold... This, implics that o and ™, will depend wot onby on x but also on %"
Fimally he says: " .the Lorents. mvariante can then ke retrieved from the cguations of

motion as a result of Hhe achon primciple, cvien iIf the P-form Lagrangian has 1o be
mtcqrated on a soft groap mawifold whose dimewsionality nl&& is Fager tham 1.

we will see that the mtegration of a P-form as a cubmamfold cam be consistently
porformed as a result of its invariance under the GCTA. and the resulting cquations of
motion give horizontality of the curvatures in the Lorente directions, lcading to the
factorization of the )" '

Main message: on a soft group manifold, Lorente. factorization is not assumed a priori but
it is obtaimed from the ficld cquations.

Py milurs.l"ﬂin!: a -_.nl'-rmmfnu 15 a prmcpal bundlc Hl'h 15 relaxed so that it does
wot satisfy propertics 1 and 2 from scratoh.__ (Mote Hiat we can sHHl use Bianchi Tdentities!)

we will then consider alse N=1 pure sapergravity in 4-dimensions. Tn this case:
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factorication (ie, hericontaliby of the supercarvatures in the Lorente directions), leaving
us on (4]4)-dimensional superspace, but they also give constraints on the carvatures in the
fermionic directions, which allow to restrict the theory to /" onhy. Tt is this property,

dubbed rivconomy, which allows Hthe mterpretation of supersymmetry traws{ormations on
space-Hme as superspace diffeomorphisms.”



Eeview of Palativl tormalism

T he dws  ote A h | " gl L
T = dV+ w AV’ CJ”T“_R‘:L,\\/*LQ

(In the paper, the exterior covariant derivative d” is dewoted by D and called the

Lorentz covariant derivative.) The Lagrangian i the Palatini formalism, with internal
mdices in the fake tangent bundle 77 written explicitly is:

2-x (RAVAV) = REAV AV et

é J[-](:g._._.g_k N ity welluy
Hody 500 m N VP= AN
A
where R€ 1) (M a(1) )% (7(2; A') and V € L) (MGAT) =P the
actiom is /L'= LR?LA ch\ \/ql Eoled - Since the Lagrangian i is built only in

m terms of differential forms and wedge products, we automatically have the mvariance

under GCT(R (general coordinate transformations group). Tt is a first-order formalism,

i.e. the fields vo and \/ are independent; varying them yields:
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Quick Mathematical Petour
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Pef. (P'Auria, page &)

el 1 - : : A il a
The infinitesimal gaunge variations associated with £ f“F—*H-“?‘Simﬂ - H\J "= [ E) :
where 'D]H::. A+ PN A is the Poincaré exterior covariant derivative. (P Auria uses the Hn"t'ﬂ‘l‘iﬂhﬁj
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where £ are parameters of mfinitesimal Lorentz aange transformations and Eof infinitesimal

translation gange transformations.

Fact 3 the Palatim action 1s mvariant ouly wr.t. mfinitesimal Lorentz gaunge transformations. Twndeed

performing an infinitesimal translation E,ti E‘E on _)!L , using Bianchi Tdentities and integrating

by parts yields
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Extending the theory from M +o P

Now iﬂ ﬁl- { we* i AV “] live on D so they depend both on coordinates x¥ and a'w .

T think axioms 1 and 2. of a Cartan covmection are relaxed and we thew speak of

"soft group manifold". P'Auria notices that we cawnot integrate

2. Rﬂhfu\fcf"\\/c1t € obed
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ow P, since the latter is 10-dimensional. We may ot project to /v\ either, since

we dot not have horizontality and equivariancy to rely on. P'Auria states:

"A simple way out would be +o embed M\ as a 4-dimensional

hypersurface of > However, new fields would enter in the
action, corresponding Yo the embedding fumctions. The crucial
observation is that one can safely igwore the variation of the
embedding, since any such variation can be compensated by a
change of coordinates Ixf‘ : AP’"" E of P , under which ;C, )

built only in terms of differential forms and wedge products
among them, is invariant. (The presence of the Hodge operator
on 1P, instead, would not allow for invariance under GCTG of )"
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So we may write the action still asA = SR AV K\Y E.bd + The equation of
MeP
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motion are
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and we need to expand R and Tmﬂ* only in terms of \/\!\ V but also of mﬁhhv

b ! !
and 6.1“]";\ Uu‘“l . The projection a[oﬂa VQAV leads to the same equations considered

before. On the other hawd, expanding along the other 2-forms yields horizontality
of R_and ", Tn D'Auria words:

“the soft group mavifold has acquired dynamically the structure of
a fiber bundle.........and factorization of the Lorenmtz coordinates and
the Lorewtz invariance of the Lagrangian (see below) are a result
of the field equations.”



(range transformations reloaded (D'Auria page 11)

Now E:'f'i"h"ak e r (P C P, N ) so that
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where we used skew-symmetry of Cpc in the lower indices. Hence, if £+ i o J
and the curvature is horizontal, then _J £ /\]ﬁ: C]ﬂfi:bl Sﬂ f\/’ﬂﬁt , 1.&., The Lie

derivative alovg £, and the infinitesimal Lorentz gaunae transformation coiwcide.



